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Abstract 

We prove semipositivity of the curvature of the Narashimhan-Simha met- 
ric on an arbitrary flat projective family of varieties with only canonical 
singularities. This also implies that the direct image of pluricanonical 
systems have natural continuous hermitian strucutres with semipositive 
curvature curvature currents in the sense of Nakano. This paper is a 
revised version of ^ using [T5l|T6]. MSG: 14J15,14J40, 32J18 
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1 Introduction 



Let / : X — > 5 be a flat projective family of varieties over a complex mani- 
fold S. In [N-Sj ■ Narashimhan and Simha constructed a continuous hermitian 
metric hm on mKx/s for every sufficiently large positive integer to, when / 
is smooth and Kx/s is relatively ample. They studied the parameter depen- 
dence of the metrics ( |N-S( p. 122, Section 3]) and proved the existence of moduli 
space of smooth projective varieties with ample canonical bundle ( [N-S[ p. 126, 
Theorem] ) . 

This metric depends only on the complex structure of X, hence it is functorial 
under biholomorphisms. Although they argued only the case of relatively ample 
Kx/S) the same construction can be applied also to the case that a general fiber 
has nonnegative Kodaira dimension (cf. Section 3). We call the metric the 
Narashimhan-Simha metric. But in this case we see that the resulting metric 
is a singular hermitian metric. And the metric is functorial under birational 
morphism in an appropriate sense (cf. Section [4. 3p . 

The semipositivity result of Y. Kawamata [Kal) p. 57, Theorem 1] proved 
that when X is smooth and is a projective curve, then f^OxirnKx/s) is 
semipositive on S in the sense of algebraic geometry, i.e., any quotient sheaf 
of f^,Ox{jnKx/s) hf-s semipositive degree. We note that the semipositivity 
in |KaH p. 66, Theorem 1] comes from a Finsler type metric but not from a 
hermitian metric on f^Ox{mKx/s)- 

The purpose of this paper is to refine this semipositivity result in terms of 
the Narashimhan-Simha singular hemitian metric on the multi relative canonical 
sheaf OximKx/s)- In this case it is natural to consider flat projective families 
of varieties with only canonical singularities (cf. Deflnition 12. ip . Namely we 
prove the following theorem. 

Theorem 1.1 ( IT4\ Theorem 1.1]) Let f : X — >■ S be a flat projective family 
with connected fibers such that a general fiber has only canonical singularities 
over a complex manifold S. We set 

S° :— {s (£ S \ Xg :— f^^{s) is reduced and has only canonical singularities}. 

Let hra he the Narashimhan-Simha singular hermitian metric on mKx/s (cf 
Sectton\3Jl) on X° := /-^(5'°) 

Then h„i has semipositive curvature in the sense of current on X° and the 
curvature —dd'^ log h„i extends across X — X° as a closed positive current. Ln 
particular h„i extends to a singular hermitian metric on mKx/s CLcross X — X°. 
□ 

The main difference between Theorem 1.1 and |Kal[ p. 57, Theorem 1] is that 
in Theorem 1.1 the positivity is on the family X not on the base space S. This 
fact plays the key role in this paper. Also we note that it is clear that hm has 
semipositive curvature in the vertical direction, i.e., the restriction of hm to every 
fiber of / has semipositive curvature. Hence the main assertion of Theorem ll.il 
is that the curvature of /i,„ is semipositive also in the horizontal direction. This 
theorem is new even when Kx/s is relatively ample and / : X — > S is smooth. 

We note that the statement of Theorem 1.1 is meaningful, only if f^,Ox {'m-Kx/s) 
is not zero. Otherwise hm is not defined (cf. Section [5TT|) . 
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As a direct consequence of Theorem 11.11 we have the following theorem. 

Theorem 1.2 Let f : X — > S be a flat projective family with connected fibers 
such that a general fiber of f has only canonical singularities. We assume X is 
normal and S is smooth. We set 

S° {s G S \ Xg :— f^^{s) is reduced and has only canonical singularities}. 

Then Kx/s ^'^^ relative AZD h over S° such that Oh is semipositive on X 
( Theorem |^.6| ) . 

And F„i :— f*Ox{mKx/s) carries a hermitian metric hp^ defined by 

hF,Ja,a')s:^{V^r' [ aAa'-h"^-^ {G,a' G F^.s, s e S°) 

with Nakano semipositive curvature in the sense of current over S° , where n = 
dimX-dimS'. □ 

Remark 1.3 According to the recent outstanding result on finite generation of 
canonical rings (W-C-H-Mf ). one may use h]i™' instead of h for the relative 
AZD for some positive integer m. By the definition h]Ji"^ (see Section 3.1) have 
only algebraic singularities (cf. Definition \2.6\) . In this case the resulting metric 
on Fjn seems to be quite regular. This might be a great advantage for the future 
applications. □ 

We note that there is another approach to obtain Theorem 11.21 using the dy- 
namical construction of AZD's (cf |T6| ). 

This article consists of three parts. The first part (Section 1,2) consists of 
the introduction and preliminaries. The second part (Section 3,4) consists of 
the proof of the semipositivity theorem. Theorem 1.1 and the construction of 
the canonical AZD for the relative canonical bundle. The third part (Section 5) 
consists of the proof of Theorem 11.21 

The author would like to express scincere gratitude to Professor Mihai Paun 
who pointed out an error in the proof of Theorem 15.51 and the reference |B-P] . 

In this paper all the varieties are defined over C and the Bergman kernels 
means the diagonal parts (we do not use the reproducing kernel properties in 
this paper). 

2 Preliminaries 

Here we shall collect basic notions which are used in this article. 
2.1 Canonical singularities 

The notion of canonical singularities were introduced by M. Reid to study canon- 
ical models of general type (^). Actually canonical singularities are caracter- 
tized as singularities which appear on the canonical models when the canonical 
rings are finitely generated. 
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Definition 2.1 Let X he a normal variety such that the canonical divisor Kx 
is C^-Caritier. If fi : Y — > X is a resolution of X , then we can write 

Ky ^ ^I'Kx+F 

with F — ^jEj for the exceptional divisors {Ej}. We call F the discrepancy 
and Cj g Q the discrepancy coefficient for Ej . 

X is said to have only terminal singularities (resp. canonical singu- 
larities, if Cj > —1 (resp. ^ —I) for all j for a log resolution fj, : Y > X. 

One can also say that X is terminal (resp. canonical), or Kx is terminal (resp. 
canonical), when X has only terminal (resp. canonical) singularities. □ 

Definition 2.2 Let X be a normal variety with only canonical singularities. 
Let X be a point on X. The local index of X at x is the least positive integer 
r such that rKx is Cartier near x. The global index of X is the least positive 
integer r such that rKx is Cartier on X . D 

The following theorem is fundamental in this article. 

Theorem 2.3 (]Ka3[ p. 85, Main Theorem]) Let it : X — > S be aflat morphism 
from a germ of variety {X, xq) to a germ of a smooth curve [S, sq) whose spetial 
fiber Xq = 7r~^(so) has only canonical singularities. Then X has only canon- 
ical singularities. In particular, the fibers Xs — 7r^^(s) have only canonical 
singularities. □ 

2.2 Singular hermitian metrics 

In this subsection L will denote a holomorphic line bundle on a complex manifold 
M. 

Definition 2.4 A singular hermitian metric h on L is given by 

h = e"^ ■ ho, 

where Hq is a C°° -hermitian metric on L and (p G Lj^^^(M) is an arbitrary 
function on M. We call if a weight function of h. □ 

The curvature current of the singular hermitian line bundle {L, h) is defined 

by 

where dd is taken in the sense of a current. The L^-sheaf {L, h) of the singular 
hermitian line bundle [L, h) is defined by 

C^{L,h) := {a e T{U,Om{L)) \ h{a,a) G LUU)}, 

where U runs over the open subsets of Af . In this case there exists an ideal 
sheaf T{h) such that 

C^{L,h) = OM{L)(g>I{h) 
holds. We call I{h) the multiplier ideal sheaf of {L,h). If we write h as 

h = e~'^ ■ ho, 
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where ho is a C°° hermitian metric on L and (p G Lj^^lM) is the weight function, 
we see that 

I{h)=C\OM,e-'^) 
holds. For ip G Lj^^{M) we define the multipUcr ideal sheaf of (p by 



Example 2.5 Let a G T{X,Ox{L)) be the global section. Then 

1 ho 



h := 



ho{a,a) 



is a singular hemitian metric on L, where ho is an arbitrary -hermitian 
metric on L (the right hand side is ovbiously independent of ho)- The curvature 
@h is given by 

Oh = 27:V^{a) 

where (cr) denotes the current of integration over the divisor of a. □ 

Definition 2.6 If {ai} are a finite number of global holomorphic sections of L, 
for every positive rational number a and a continuous function <p, 

h := e~'^ 



E. I 

defines a singular hermitian metric on aL. We call such a metric h a singular 
hermitian metric on aL with algebraic singularities. □ 

Singular hermitian metrics with algebraic singularities are particulary easy to 

handle, because its multiplier ideal sheaf of the metric can be controlled by tak- 
ing suitable successive blowing ups such that the total transform of the divisor 
is ^ divisor with normal crossings. 

Definition 2.7 L is said to be pseudoefFective, if there exists a singular her- 
mitian metric h on L such that the curvature current Oh is a closed positive 
current. Also a singular hermitian line bundle {L, h) is said to be pseudoef- 
fective, if the curvature current Qh is a closed positive current. □ 



2.3 Lelong numbers 

The Lclong number is a measure of singularities of closed positive currents. Wc 
note that a subvariety of codimension p can be identified with the current of in- 
tegration over it. In this special case the Lelong number exactly corresponds to 
the multiplicity. Hence wc can consider the Lelong number as a generalization 
of the notion of multiplicities. 



Let C C" be a domain, and G a positive current of degree (g, q) on W. 
For a point p G W one defines 

''(®^p^'-) = 7^ [ e{z)A{dd^zrr-'^. 

^ J\\z-p\\<r 
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The Lelong number of O at p is defined as 

iy{Q,p) = lini i'{e,p,r). 

r > 

If O is the curvature oi h = e~", u plurisubharmonic, one has 

z/(e,p) =sup{7>0;u^7log(||z-p||2) + O(l)}. (1) 

The definition of a singular herniitian metric carries over to the situation of 
reduced complex spaces. 

Definition 2.8 Let Z be a reduced complex space and L a holomorphic line 
bundle. A singular hermitian metric h on L is a singular hermitian metric h on 
L\Zreg with the following property: There exists a desingularization vr : Z — > Z 
such that h can be extended from Zreg to a singular hermitian metric h on n* L 
over Z. □ 

The definition is independent of the choice of a desingularization under a 
further assumption. Suppose that Qj^ > — c • lu in the sense of currents, where 
c > 0, and is a positive definite, real (l,l)-form on Z of class C°° . Let 
TTi : Zi — > Z be a further desingularization. Then Z x z Zi ^ Z is dominated 
by a desingularization Z' with projections p : Z' ^ Z and pi : Z' ^ Z\. Now 
p* log h is of class L\^^ on Z' with a similar lower estimate for the curvature. 
The push- forward pi^,p*h is a singular hermitian metric on Zi. In particular, 
the extension of /i to a desingularization of Z is unique. 

In [G-R] for plurisubharmonic functions on a normal complex space the 
Riemann extension theorems were proved, which will be essential for our appli- 
cation. 

For a reduced complex space a plurisubharmonic function u is by defini- 
tion an upper semi-continuous function u : X ^ [— oo, oo) whose restriction to 
any local, smoothly parameterized analytic curve is either identically — cxd or 
subharmonic. 

A locally bounded function u : X ^ [—oo, oo) from Lj^^{X) is called weakly 
plurisubharmonic, if its restriction to the regular part of X is plurisubharmonic. 

Differential forms with compact support on a reduced complex space are by 
definition locally extendable to an ambient subspace, which is an open subset 
U of some C". Hence the dual spaces of differential C°°-forms on such U define 
currents on analytic subsets of U. The positivity of a real (1, l)-current is defined 
in a similar way as above. 

For locally bounded functions of class Lj^^ the weak plurisubharmonicity is 
equivalent to the positivity of the current dd'^u. It was shown that these func- 
tions are exactly those, whose pull-back to the normalization of X are plurisub- 
harmonic. We note 

Definition 2.9 Let L be a holomorphic line bundle on a reduced complex space 
X . Then a singular hermitian metric h is called positive, if the functions, which 
define locally — log h are weakly plurisubharmonic. □ 

This definition is compatible with Definition 12.41 Let L be a holomorphic 
line bundle on a complex space Z equipped with a positive, singular hermitian 
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metric hr on L\Zreg- li n : Z —t Z is & desingularization, and h a positive, sin- 
gular hermitian metric on 7r*L, extending h\Zreg, we see that — \oghr is locally 
bounded at the singularities of Z so that h induces a singular, positive metric 
on L over Z . 

The Lelong number of the curvature current of a pseudoeffective singular hemi- 
tian line bundle (cf. Definition l2.7p can be observed as an obstruction for nefness 
by the following lemma. 

Lemma 2.10 (cf. \T1\\T2I ) Let X he a smooth projective variety and let (L, h) 

he a singular hermitian line hundle such that is semipositive in the sense of 
current and the Lelong numher v{Qh) is identically on X . Then L is nef. 

Proof of Lemma 12.101 Let a; € X be an arbitrary point on X. Let A he a 

positive line bundle on X and let hA be a C°°-hermitian metric on A such that 
Lu :— is a Kahler form. And let denote the distance function from x 
with respect to a Kahler form uj on X . Let a be a positive integer such that 

(2n + 2) logd^ + Ric,^ + aOh^ 

is strictly positive for every x ^ X, where n denotes the dimension of X. This 
implies that 

is a singular hermitian metric on A — Kx + mL with strictly positive curvature. 
Then by Nadel's vanishing theorem [Nl p. 561] and the description of the Lelong 
number ([1]), we see that mL + a A is free at x for every m. Since m and x are 
arbitrary, this implies that L is nef. □ 

Remark 2.11 It is easy to generalize Lemma \2.1(A in the form : 
If {L, h) is a pseudoeffective singular hermitian line hundle on a smooth projec- 
tive variety X . Then for every x X such that h'{&h, a;) = and an irreducihle 
curve C containing x, L ■ C ^ holds, i.e., L is nef modulo the positive Lelong 
numher locus ofQh- D 

2.4 Analytic Zariski decompositions (AZD) 

In this subsection we shall introduce the notion of analytic Zariski decomposi- 
tions. By using analytic Zariski decompositions, we can handle big line bundles 
like nef and big line bundles. 

Definition 2.12 Let M he a compact complex manifold and let L be a holo- 
morphic line bundle on M . A singular hermitian metric h on L is said to he an 
analytic Zariski decomposition, if the followings hold. 

L Qfi is a closed positive current, 

2. for every m > 0, the natural inclusion 

H"(M, OM{mL) ® I(h"')) H°{M, OM{mL)) 

is an isomorphim. □ 
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Remark 2.13 // an AZD exists on a line bundle L on a smooth projective 
variety M , L is pseudoeffective by the condition 1 above. □ 

Theorem 2.14 ( \T1\ \T^) Let L be a big line bundle on a smooth projective 
variety M . Then L has an AZD. □ 

As for the existence for general pseudoeffective line bundles, now we have the 
following theorem. 

Theorem 2.15 ( W-P-S\. Theorem 1.5]) Let X be a smooth projective variety 
and let L be a pseudoeffective line bundle on X . Then L has an AZD.O 

3 Narashimhan-Simha metrics 

In this section, following [N-S| . we shall define a singular hermitian metric on 
the canonical bundle of a smooth projective manifold with nonnegative Kodaira 
dimension and study the behavior of the metric under deformation. 

3.1 Narashimhan-Simha metrics 

Let X be a smooth projective variety with nonnegative Kodaira dimension of 
dimension n. Let m be a positive integer. For a section r/ E H'^{X,Ox{itlKx)) 
we define a nonnegative number || rj || j_ by 

Jx 

Then rj rj is a continuous pseudonorm on H'^{X,Ox{mKx)), i.e., it is 
a continuous anci has the properties : 

1. II T] ||i=0^?7 = 0, 

2. II Xv ||i = | A I • II ?/ ||_L holds for all A e C. 

But it is not a norm on H'^{X,Ox{mKx)) except m = 1. We define a contin- 
uous section Km of (Kx ® i^x)®" 

Km{x) sup{| r^ix) p ; \\ 1} (x S X), 

where | ri{x) p= ri{x) (g) fi{x). We call K,n the m-th Narashimhan-Simha 
potential of X. The continuity of Km follows from the expression 

N(m) N(m) 
Km{x) = SUp{| 1^{X) IV N Ik ; 11 =Y. ^^^^^ E I 1'^ 

where {a^\ - ■ ■ ,cr^^^} is a basis for H^{X,Ox{'niKx))- We define the sin- 
gular hermitian metric km on H^{X,Ox{mKx)) by 
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We call hm the Narashimhan-Simha metric on niKx- This metric is intro- 
duced by Narashimhan and Seshadri for smooth canonically polarized variety to 
study the moduli space of canonically polarized variety ( [N-SI V We note that 
the singularities of hm is located exactly on the support of the base locus of 
I mKx I ■ Hence in the case of canonically polarized variety, hm is a nonsingular 
continuous metric on mKx for every sufficiently large m. Since Km is locally 
the supremum of the family of powers of absolute value of holomorphic functions 
we see that the curvature 

e,,„ -.^V^ddiogKm 

is a closed positive current. 

For applications sometimes more convenient to consider the following regu- 
larization of Qh^ ■ 

Let us define the L^-inner product on H'^{X,Ox(niKx)) by 

r] ■ f 



(r7,r)„:-(V^)" / {i^,t ^ H\X,Ox{mKx))). 

The inner product is well defined, because by the definition of Km, the zero 
of Km corresponds exactly the ideal of Bs \mKx\- Let {o'o'"\ ' ' ' '''/v^m) J" 
a complete orthonormalbasis of H^{X,Ox{mKx)) with respect to the innner 
product ( , )„!• We define the Bergman kernel Km by 

N{m) 
1=0 

Then Km is independent of the choice of the complete orthonormal basis {<J^^ , • ■ ■ o'/v^^) J 
In fact 

km{x) :=sup{|a(a:) ^ a G |k ||= 1} 

holds, where || || denotes the i^-norm with respect to ( , )m (see for example 

m p-46]). 

Then the closed positive current 

UJm ■■= \/^dd\0gKm 

coincides (up to some normalized constant) the pullback of the Fubini-Study 
Kahler form on P^(™) on X\SuppBs Imi^Txl by the rational map : 

X3X .[ar(.):...:ag„)(.)]eP^M. 

We call ojm the Narashimhan- Shimha Kahler current. 



3.2 Dependence of Narashimhan-Simha metrics on fami- 
Hes 

Let / : X — > be a flat projective family of varieties with only canonical 
singularities. Let n denote the relative dimension oi f : X — > S. Let Xg 
denote the fiber /~^(s)(s G S). Let m be a positive integer and let Km,s 
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be the Narashimhan-Shimha potential of rnKx, ■ Then we obtain the fam- 
ily {mKx^}seS of Narashimhan-Simha potentials over S and the family of 
Narashimhan-Simha metrics {hm,s}seS on Xg. 

In |N-S| Narashimhan-Simha proved the continuous dependence of Km,s with 
respect to s € S, when Kx/s is relatively ample and / is smooth. The key argu- 
ment here is the invariance of the plurigenera PmiXs) = h'^{Xs,Oxs{^KxJ) 
with respect to s e S* which is derived by the Kodaira vanishing theorem at 
that time. 

We note that by [Ka3| p.91,Theorem 6] and [STl [SS [T3] , the plurigenera 
Pm{Xs) is independent of S. Hence every global holomorphic section of mKx^ 
extends holomorphically to nearby fibers. 

Hence by the defiition of the Narashimhan-Simha potential, we have the 
following lemma. 

Lemma 3.1 {ifm,s} is continuous with on X . □ 

By Lemma l3. II we see that there exists a relative volume form Km such that 

-^m \Xs -^m.s 

holds for all s Q S. We call Km the Narashimhan-Simha potential of the family 
/ : X — > S and also 



the Narashimhan-Simha metric on mKx/s respectively. 



3.3 Positivity of Narashimhan-Simha metrics on projec- 
tive famihes 

In this subsection we shall prove Theorem 1.1. Let / : X — > 5 be a flat pro- 
jective family with connected fibers such that a general fiber has only canonical 
singularities over a complex manifold S. We set 

5*° {s G 5 I Xs :— f^^{s) is reduced and has only canonical singularities}. 

For s e S*, we denote X^ the fiber /^^(s). For the proof we may and do 
assume that S is the open unit disk A in C. We note that f*Ox{mKx/s) 
is not compatible with base change. Nevertheless this is enough to prove the 
statement of Theorem 11.11 on the extension of hm across X — X—° holds, by 
slicing. 

Let us denote f^Ox{mKx/s) by ^m- 

Lemma 3.2 ffKaJl p.63, Lemma 7 and p. 64, Lemma 8]) Letr]£ H°{S,Os{Fm)) 
be a holomorphic section. Let \\ r]{s) \\ i be the Narashimhan-Sihma pseudonorm 
ofr){s)£H%Xs,OxSmKx^). Then 

log II r^{s) II i ^ ^ r log II ry(s + re^^") || j_ d9 
27r Jq 

holds for every s £ S and r > such that A(s,r) C S, i.e. log || 77(5) ||j_ is 
superharmonic on S, where A(s,r) denotes the open disk of radius r with centre 
s. □ 
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Remark 3.3 In JKalf . Lemma \3.2\ was considered only for smooth projective 
families. But by Theorem \2.3\ the same proof works for fiat projective fami- 
lies with only canonical singularities. We note that canonical singularities are 
rational (f^ or cf. Wl^ ). □ 

Let us fix an arbitrary s ^ S° . Let x € X^, r be a positive number such that 
A(s, r) C S and let t : A(s, r) — > X be any holomorphic section such that 
t(s) = X. In general the such a section does not exist when a; is a singular point 
on Xg. This case will be treated later. 

Let 77 e H°{S,Os{F,n)) such that || 77(5) |U.s= 1 and 

I r]{s,x) P= Krn,si^) 

holds, where 77(5) denotes the restriction rj \x^ and r](s,x) denotes the point 
value of 77(5) at x. 

Let a be a positive integer such that aKx/s is Cartier. Let O be a local gen- 
erator of the invertible sheaf Ox{aKx/s) on a neighbourhood U of x. Shrinking 
S, if necessary, we may assume that t(A(s, r)) C U holds. Let / be the function 
on A(s,r) defined by 

/(^) =1 ^ I' (^W) (^eA(s,r)) 

Then we see that 

log/(s)^^/ log f{s + re^')d0 (2) 

holds by the subharmonicity of the logarithm of abolute value of holomorphic 
function. On the other hand we see that 

27r 

W 



1 

log II Tj{s) lU^ ^ log 



\\r]is + re^-'')\\^de (3) 



holds by Lemma [ 

By (1) and (2), we see that 



log „ < 1- flog /(-+-;^^) ,0 

^11 7/(5) lU - 27tJo ^||77(s + reV^«))|U 

We note that 

+ re^^O)) ^ I " 1^ 

II 77(s + || j. 

holds by the definition of K„i. Hence we see that 

log/^™(T(s)) ^ ^ ^ \ogK^{T{s + re^'))d0 

holds. Hence logiir„i is plurisubharmonic on T(A(s,r)). 

Next we shall deal with the case that there exists no local section passing 
through X. In this case the above argument also holds replacing section by 
holomorphic disk r : A — > X passing through x. 
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Since x an t are arbitrary, the curvature Qhm = 199 log if™ is semipos- 
itive everywhere on X° . 

Since for every local holomorphic section a of f^OxirnKx/s) the function 

is of algebraic growth along S — S° . More precisely for sq d S — S° as in |Kal[ 
p. 59 and p. 66] there exist positive numbers C,a,f3 such that 

iV^r" f (aAa)^ ^C.|.s-,sor"-|log(s-,so)|^ (4) 

JX,, 

holds. Hence hm is also of algebraic growth by its definiton along the fiber 
on S — S°. Hence the current —dd'^ log hm on X° extends to a closed positive 
current on X . 

This completes the proof of Theorem 1.1. □ 

Remark 3.4 As one sees in the proof above, the semipositivity of the curvature 
Qh„^ is the consequence of the Kawamata's semipositivity f\Kal\ p. 63 Lamma 
7] and the fact that the supremum of plurisubharmonic functions are again 
plurisuhharmonic if we take the uppers emicontinuous envelope (cf. Theorem 
O. □ 



Let us consider the direction in which is strictly positive. Let 

p : nK^) — S 
be the projective bundle associated with F,^ and let 

be the tautological bundle on L. Then 

WvU^f iv/\fj)^\'^ {veH''{X,,OxAmKxJ)) 

JXs 

defines a continuous hermitian metric h^ on L. By [Kali p. 63, Lemma 7 and 
p. 64, Lemma 8] we see that the curvature current Q^l is semipositive. 

We note that on the fiber of p, is semipositive and is the curvature of 
the tautological line bundle which is ample on the fiber. In fact let ri{t){t e A) 
be a holomorphic family of sections on a fixed projective variety X. Then by 
the concavity of logarithm, for every r e [0, 1) 

logd/ {v{o)Am)-\) = 

Jx 

hold and the similar inequality holds for every point on S (this is a special case 
of [Kali p. 63, Lemma 7 and p. 64, Lemma 8]). 
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)Ar7(re^^^))^|)d0) 



2ir 



1 



-- I log(| / r^ire^'O) A fjire^-'')^^ \)de 
Jo Jx 
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Hence Qh^ Ip-i(s) strictly positive on the generic point of the fiber p^^(s) 
for every s G S. We note that Qhl is strictly positive in the direction in which 
the coupling of the Kodaira-Spencer class of the logarithmic deformation in the 
direction and the m-th root of the m-canonical forms is nonzero as in the proof 
of |KaT| p. 63, Lemma 7] (this is not explicitly stated in the proof of |Kall p. 63, 
Lemma 7], but the discussion in |Ka2j clarifies this standard fact). Hence to 
specify the strictly posive direction of Qhm j we need the following infinitesimal 
Torelli theorem (see also Remark 13.41 above). 

Theorem 3.5 ('Ka2l ) Let X he a normal projective variety of dimension d hav- 
ing only canonical singularities. We assume that X is a good minimal algeghraic 
variety, i.e., m^Kx is Cartier and uj''^" = OximaKx) is generated by global 

sections for some positive integer tuq. Let 7 : X > B he the morphism given 

by the base point free linear system \ m^Kx \ • We take mo large enough so that 
B is normal and 7 has connected fibers. Let C ~ (cr) for some a £ H^(X,lu^) 
with m ~ amo and a G N. 

Then for < i < m,i = 1 and if 2i > to + 1, then the kernel of the following 
homomorphism induced by the cup product 

\\ : Ext],{^l\{\ogC),Ox) Hom{H\X,uj'^+^-'),Ext\{^],{\ogC),uj^+^-')) 
is contained in the image of the natural homomorphism 

H\B,j,Ox{Tx/b)) ^ Extl, {n], {log C), Ox). 

□ 

Hence by the proof of Theorem 1 . 1 and Theorem 13.51 we have the following 
refined semipositivity theorem. 

Theorem 3.6 Let f : X > S be a flat projective family of canonical models 

of general type with only canonical singularities. Let h„i be the Narashimhan- 
Simha singular hermitian metric on mKx/s- Suppose that mKx/s is Cartier 
and I mKx/s I '■s relatively very ample. Then Oh„^ is strictly positive on the 
generic point of the fiber in the effectively parametrized direction. □ 

Remark 3.7 It is not difficult to generalized Theorem \3.6] for all m ^ 2 such 
that f^,Ox{tTLKx/s) ¥^ by using the ring structure of (B^Qf*0 xij!-!^ x/ s) ■ Sim- 
ilar stirict positivity theorem holds for the flat families of minimal projective 
varieties under the assumption that minimal model conjecture holds. □ 



4 Canonical AZD 

In this section, we shall prove that the canonical bundle of every smooth projec- 
tive manifold of nonnegtive Kodaira dimension carries a canonical AZD which is 
functorial under any birational morphism. Namely we shall prove the following 
theorem. 

Theorem 4.1 Let X be a smooth projective variety (not necessary of general 
type) of dimension n with nonnegative Kodaira dimension. Let K^ be the m-th 
Narashimhan-Simha potential for every positive integer to. We set 
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We define a semipositive {n,n)-form Koc on X by 

1 j_ 

Koo{x) := sup — i^m (x) {x e X). 



m>l ^ni 



Then K^o exists as a bounded (n,n)-form on X (n — divciX) and 



is an AZD of Kx- O 

As a corollary, we have the following : 

Corollary 4.2 Let X be a smooth projective variety with nonnegative Kodaira 
dimension. Then there exists an AZD h on Kx which depends only on the 
complex structure of X . □ 

Definition 4.3 Let X be a smooth projective variety with nonnegative Kodaira 
dimension. We call the AZD of Kx constructed as in Theorem \4.1\ the canon- 
ical AZD ofKx. □ 

4.1 Construction of the canonical AZD 

The supremum of a family of plurisubharmonic functions uniformly bounded 
from above is known to be again plurisubharmonic, if we modify the supremum 
on a set of measure 0(i.e., if we take the uppersemicontinuous envelope) by the 
following theorem of P. Lelong. 

Theorem 4.4 ([L, p. 26, Theorem 5]) Let {Lpt\t£T be a family of plurisubhar- 
monic functions on a domain Q which is uniformly bounded from above on every 
compact subset ofQ. Then ip ~ sup^gj^ ipt has a minimum uppersemicontinuous 
majorant ip* which is plurisubharmonic. We call ip* the uppersemicontinuous 
envelope of ^. □ 

Remark 4.5 Ln the above theorem the equality ij) = ip* holds outside of a set 
of measure 0(cf.J^ p. 29]). □ 

Proof of Theorem 14.11 Since 



holds for every m such that | mKx It^ 0- Since hm — l/^^m has semipositive 
curvature in the sense of current, by the submeanvalue property of plurisubhar- 

monic functions, we see that {C~^ • Km }m=i is a uniformly bounded family of 
semipositive (n,n)-forms on X. Hence the pointwise supremum 




1 

Koc ■= sup -p;-K, 



ra 



m>l 



exists as a semipositive (n,ri,)-form on X. By definition 



'm 
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holds for every m. Hence 

h :— the lower envelope of — — 

is a well defined singular hermitian metric on Kx and 

I{h"') D I{h,n) (5) 
holds for every m ^ 1. We note that the definition of K^,, 

H°{X,Ox{mKx) ®I{h^m)) = H%X,Ox{mKx)) (6) 
holds for every to ^ 1. Then combining ([5]) and ([5]), we see that 

H"{X,Ox{mKx)'8>I{h"')) = H°{X,Ox{mKx)) 

holds for every to ^ 1. 

On the other hand, by Theorem 14.41 , we see that the curvature current 8ft, 
of h is seimipositive in the sense of current. 

Hence h is an AZD of Kx ■ □ 



4.2 Canonical AZD for families 

The construction of the canonical AZD in Theorem 14.11 can be applied to a flat 
projective family of varieties with only canonical singularities similarly as in 
Section O 

Theorem 4.6 Let f : X > S be a flat projective family of varieties with 

connected fibers such that a general fiber of f has only canonical singularities 
and nonnegative Kodaira dimesnion. We set 

S° :— {s S \ Xs f ^^{s) is reduced with only canonical singularities}. 

Then there exists a singular hermitian metric h on Kx/s with semipostive cur- 
vature current such that for every s € S° , h \x^ is an AZD of Kx,- O 

Proof of Theorem 14.61 The construction is essentially same as in the last 
subsection. Let {K„i.s}{s € 5*°) be the family of the TO-th Narashimhan-Simha 
potentials over 5*°. We define the relative potential K„i on f^^{S°) by 

Km I Xs = Km.s (s € 5°). 

Suppose that there exists ctq G ^''(A^s, Cx^ (™o-^xJ) such that 




Then for any point x ^ Xs and positive integer £, we see that 

KmoiA^) m ^0 (x) 
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holds by the definition of Km^i^s- Hence by using the invariance of plurigenera 
f [STl [S2l IT3[ IKa3| 1 . since we have assumed that every fiber on 5*° has nonneg- 
ative Kodaira dimension, there exists a positive continuous function c(s) on 5'° 
such that for every positive integer ^ and s e 5*° 

holds. 

On the other hand, we obtain the upper estimate of 

j_ 

X, 

as follows. Let us fix a C°° -volume form dVs on Xs, such that dV~^ is a her- 
mitian metric on the Q line bundle Kx^ ■ Then for any a G H^{Xs, Ox^ (ttt-Kx^)) 
with 

I / (cTAa)^ hi, 
JXs 

by the submcanvalue property of plurisubharnionic functions, there exists a 
positive constant C"(s) independent of a and m such that 

holds on Xs- Hence there exists a positive continuous function C(s) on 5° such 
that 

K^,sSC{s) (8) 

Xs 

holds for every m ^ 1. 

Let So G S° be an arbitrary point. We set 

Cm / ^rn.so' 



Let 



Kao ■= sup —K^ 

m>l 



be the pointwise supremum. Then K^^^ \ X^g is an AZD on ^x^q as in Theorem 
14.11 By the estimates ([7]) and ([5]), we see that Koc is a nontrivial locally bounded 
realative volume form on f^^{S°). By the plurisubharmonic variation property 
of Km (Theorem [TI]), 

rfd^logA'oo ^ 

holds on 5*° . Then again by the proof of Theorem 14. H we see that Koo \ Xg is 
an AZD of Kx^ for every s G S° hy the above construction (especially by the 
estimates (O and ©). 

Now we consider the extension of the closed positive current 

dd" log Xoo 



16 



across X — f ^(5°). But this is trivial, since each Km has only algebraic 
singularities along X—f^^{S°), in other words, for any local holomorphic section 
a of f,Ox{mKx/s), 

iV^r' [ (crAo-)- (n = dimX-dimS') 

has algebraic growth glong S* — 5'° as (|3]) in Section 3.2 by its definition (this 
has been already observed in \Kal\ pp. 65-66]). Hence by definition, dd'^ log Koo 
also extends across X — f^^{S°) as a closed positive current (one may also use 
Lemma [521 below). O 

By Theorem I 1 . 1 l and the recent result of finite generation canonical rings f [B-C-H-^ ) 
and Theorem l3.5l we have the following theorem immediately (see Theorem l3.6p . 

Theorem 4.7 Let f : X — > S be a flat projective family of varieties of general 
type with only canonical singularities. Let h be the canonical AZD on mKx/s- 
Then h has semipositive curvature Oh in the sense of current everywhere on X 
and Qh is strictly positive on the generic point of the fiber in the birationally 
effectively parametrized direction on Xs for every s G S'o- □ 

4.3 Birational invariance 

By the definition of the canonical AZD in Theorem 14.11 one can see easily that 
it is invariant under birational morphism. 

Let X , X' he smooth projective variety with nonnegative Kodaira dimension. 
Suppose that X and X' are birational. Then there exists a smooth projective 
variety Y which dominates birationally both X and X' . Let / : Y — > X and 
/' : Y > X' be the birational morphism. 

For every positive integer to, let us denote the m-th Narashimhan-Simha 
potential of X and X' by Km and K!^ respectively. 

Then for every positive integer to, by the definition of the Narashimhan- 
Simha potential, we see that 

f*Km = {f'TKn 

holds on Y . Hence the Narashimhan-Simha potential is invariant under bira- 
tional morphisms and the canonical AZD for Kx is also invariant under bira- 
tional morphisms. 

4.4 An application of the canonical AZD 

We shall show an easy application of the canonical AZD. 

Theorem 4.8 Let f : X — > C be a semistahle projective family over a projec- 
tive curve C such that Kx/c I F is ample for every fiber F. 
Then Kx/c ^s nef. □ 

Proof of Theorem 14.81 Let Co C C be the Zariski open subset such that / 
is smooth over Cq. Let m be a positive integer such that mKx/c is relatively 
very ample. Let km be the Narashimhan-Simha metric on raKx/c I /"^(C'o)- 
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Let Fq — J2 Di he a singular fiber. We note that in this case by the L^- 
extension theorem [Ol Theorem] , for every i, every element of H'^ [Di , {rnKo. + 
(m— 1) '^j^i Dj I Di) extends holomorphically to a section H°{f~^{V),Ox{m'Kx/c))j 
where ^ is a neighbourhood of f{Fo). Hence we see that hm = K:^ extends 
to a singular hermitian metric on mKx/c on the whole X so that Km extends 
continuously to X. 

Then by the definition of hm , for every sufficiently large m, hm\Di is a smooth 
metric on the globally generated sheaf O^i; {mKn. + (m — 1) X^j^^i \ ^i)- By 
the construction of the canonical AZD h, we see that /i is a singular hermitian 
metric on Kx/c with the semipositive curvature current Qh satisfying i'{Qh) = 
on X by the relatively ampleness of Kx/c- This implies that Kx/c is nef by 
Lemma [2ll0l □ 

5 Positivity of the direct images of pluricanoni- 
cal systems 

In this section we prove Theorem II .21 

5.1 Theorems of Maitani-Yamaguchi and Berndtsson 

In 2004, Maitani and Yamaguchi proved the following theorem. 

Theorem 5.1 ( \M- Yj / j Let fl be a pseudoconvex domain in Cz x <Cw with 
boundary. Let VLt := f2 n (Cz x {i}) and Let K{z,t) be the Bergman kernel 
function of VLt . 

Then \ogI'C{z,t) is a plurisubharmonic function on fl. □ 

Recently generalizing Theorem 15.11 B. Berndtsson proved the following higher 
dimensional and twisted version of Theorem 15.11 

Theorem 5.2 ( fBlf ) Let D be a pseudoconvex domain in C" x Cj'. And let (f) 
be a plurisubharmonic function on D. For t e A, we set Dt :^ Q D (C" x {t}) 
and (pt := (p \ Dt- Let K{z, t){t G Cj ) be the Bergman kernel of the Hilbert space 

A^Due-^^) := {/ e 0(1]*) | / e"^' | / p< +oo}. 

JDf 

Then \ogK{z^t) is a plurisubharmonic function on D. □ 

As in mensioned in [B2j . his proof also works for a pseudoconvex domain in a 
locally trivial family of manifolds which admits a Zariski dense Stein subdomain. 
Also he proved the following theorem. 

Theorem 5.3 ( \B^ Theorem LI]) Let us consider a domain D — U x fl and 
let (j) be a plurisubharmonic function on D. For simplicity we assume that (j) is 
smooth up to the boundary and strictly plurisubharmonic in D. Then for each 
t £ U , (pt '■= 0(-,i) is plurisubharmonic on Q.. Let A^ be the Bergman space of 
holomorphic functions on fl with norm 

\\f\M\f\\t--- 1 e-^M/r 

Jn 
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The spaces Af are all equal as vector spaces but have norms that vary with t. 
Then "infinite rank" vector bundle E over U with fiber Et — is therefore 
trivial as a bundle but is equipped with a notrivial metric. Then {E, \\ \\t) is 
strictly positive in the sense of Nakano. □ 

In Theorem [521 the assumption that D is a pseudoconvex domain in the product 
space is rather strong. And in Theorem l5.31 Berndtsson also assumed that D is 
a product. 

5.2 Variation of hermitian adjoint bundles 

Recently Berndtsson and I have independently generalized Theorems 15.21 and 
15.31 to the case of projective families. For our purpose, we need the following 
version. Theorem l5.4l has been obtained independently by Berndtsson and Paun 
[B3| IB-Pj by a very different method. 

Theorem 5.4 (\T^ ITgj. \B-P^ ) Let f : X — > S be a projective family of pro- 
jective varieties over a complex manifold S . Let S° be the maximal nonempty 
Zariski open subset such that f is smooth over S° . 

Let (L, h) be a singular hermitian line bundle on X such that is semi- 
positive on X . 

Let Ks K{Xs,Kx + L \x,,h \x,) be the Bergman kernel of Kx, + (L \ Xs) 
with respect to h \ Xs for s e 5*°. Then the singular hermitian metric Kb of 
Kx/S + L\ f-\S°) defined by 

Hb \Xs ■.^K-\seS°) 

has semipositive curvature on f~^{S°) and extends on X as a singular hermitian 
metric on Kx/s + with semipositive curvature current. □ 

Theorem 5.5 (]T^ I Tgf ) Let f : X — > S be a projective family of over a 
complex manifold S such that X is smooth. Let S° be a nonempty Zariski open 
subset such that f is smooth over S° . Let {L,h) be a hermitian line bundle on 
X such that is semipositive on X. We define the hermitian metric He on 
E -.^ f^OxiKx/s + L) \ S° by 

hE{(J,T):={V^r" I h-aAf {a,T eH\Xs,OxAKx^+L\x^)), 

where n denotes the relative dimension of f : X > S. Let Sq be the maximal 

Zariski open subset of S° such that E \ Sq is locally free. Then {E, hE)\SQ is 
semipositive in the sense of Nakano. Moreover if Qh is strictly positive, then 
{E, hE)\ So is strictly positive in the sense of Nakano. □ 

Here we reproduce the proofs of Theorems 15 .41 and 15 . 51 here for the completeness. 
Proof of Theorems 15.41 and 15.51 

Let / : X — > 5 be a projective family. Since the statement is local we may 
assume that S is the unit open ball B with center O in C™. We may also and 
do assume that the family / : X — > i? is a restriction of a projective family 

f:X^B{0,2) 
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over the open ball B{0, 2) of radius 2 with center O. Let 

F:Xx B{0, 2) — > B{0, 2) x B{0, 2) 
the fiber space defined by 

F{x,t)^if{x),t). 
Let e be a positive number less than 1. We set 

r(e) = {(s,t) e B(0,2) X B(0,2) \teB,se B{t,s)} 

and 

X(e) :=F-i(r(e)). 

Let 

f, : X(£) B 

be the family defined by 

Since for (a;,t) £ X{e), x £ f^^{B{t,e)) holds, we see that 

X{e)t ■.= r\B{t,e)) 

holds. Hence we may consider X{e)t as a family 

TT,,t:X{e,t)^ B{t,e). 

We note that T(e) is a domain of holomorphy in C^™. Hence X{£) is a pseudo- 
convex domain in X x B{0,2). Since X x B{0,2) is a product manifold, the 
proof of Theorem 15.21 works without any essential change in this case (cf. |B1|). 
Hence if we define -fC^ by 

K, I Xie)t K{X{e)t,Kx + L \ X{e)u Hl \ X{e)t), 

then 

V^ddlogK^^O (9) 

holds on X{e). We note that 

liuiYoliBit, e)yK{X{e)t,Kx+L |X(e)t,/iL |X(e)t) = KiXt,Kx,+L \Xt,h\ Xt)A/*d/z(t) 

(10) 

holds for almost all t £ B, where dii{t) denotes the standard volume form on 
C™. In fact, if we consider the family 

TTe,t:X{e)^ B{t,e) 

as a family over the unit open ball B in C™ with center O by 

t'^e-\t' -t), 

the limit as e J, is nothing but the trivial family Xt x B. And we note that 
for a L-valued canonical form a on f^^{B{t,e)), 

hE{u,a) 

B(t.e) 



20 



is nothing but the L^-norm of the i-valued canonical form a with respect over 
f~^{B{t,e)) by Fubini's theorem, where we abbrebiate the standard Lebesgue 
measure on C™. In this way the L^-norm on f~^{B{t,e)) can be viewd the 
moHfication of the L^-norm on the fiber f^^{t). Hence as e | 0, the mohfied 
norm converges to the norm on the fiber almost everywhere on B. Then the de- 
sired equality follows from the L^-extension theorm ( |0-Tl[U] ) and the extremal 
property of the Bergman kernels. In fact the L^-extension theorem implies 

limvo\iB{t,e)yK{Xie)t,Kx+L \Xie)t,hL \ Xie)t) ^ K{XuKx,+L \Xuh\ Xt)Ardtxit) 

elQ 

for almost all t G -B and the converse inequality follows from the convergence 
to the trivial family as above. 

Combining Q and (|10p . we see that hs has semipositive curvature on 

To get an extension of /is across X — f ^{S°), let us quote the following 
lemma. 

Lemma 5.6 f\B-T[ Corollary 7.3]) Let {%} he a sequence of plurisubharmonic 
functions locally bounded above on the bounded open set Q in C™. Suppose 
further 

lim sup Uj 

is not identically — oo on any component ofQ. Then there exists a plurisubhar- 
monic function u on Q such that the set of points 

{x ^ fl \ u{x) (limsupuj)(a;)} 

is pluripolar. □ 

The extension oi hs in Theorem 15.41 follows from Lemma 15.61 In fact since 
K{X{e)t, Kx + L \ X{e)t, h^ \X{e)t) varies plurisubharmonic way in t E B, 

{vol(S(t, s)) ■ K{X{e)uKx + L \X{e)t.. hL \ X{e)t) \xAteB 

is uniformly bounded on B even when t S — S° . Then letting s tend to and 
applying Lemma [5.61 we see that —dd'^Xoghs extends across X — f~^{S°) as a 
closed positive current. 

This completes the proof of Theorem 15.41 

The proof of Theorem 15.51 is quite similar. First we note that 

/e : X{e) B 

is everywhere smooth. 

For the moment, we shall assume that E is locally free on B{0,2). Then 
there exists a global generator {cti, • • • , ar} of E on B{0, 2), where r = rank£^. 
Then we see that every t G B, the fiber of the vector bundle {fe)*(^x{e){Kx{e)/B+ 
L)(g)X(/ii) at t is canonically isomorphic to C x 0{B{t, e)) in terms of the frame 
{ui, • • • jCr}- And moreover the space 0{B(t, s)) is canonically isomorphic to 
0{B{0, e)) by the parallel translation. In this case 

Ee ■■= {fe,(2))*Ox(e){Kx(e)/B®P*lL®I{plh)) 
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is a vector bundle of infinite rank on B, where 

pi : X{e) X 

denotes the first projection 

Pi{x,t) = X, {x,t) e X{e) 

and {fe,{2))*C>x{e){Kx{e)/B ® PiL ® I{p\h)) denotes the direct image of L?- 
holomorphic sections. 

By the same proof as Theorem 15. 3| we see that the curvature current of hE,e 
is well defined everywhere on B and is semipositive in the sense of Nakano. Let- 
ting e tend to 0, the curvature Qhe^ converges to the curvature operating 
on Et ® OB,t in the obvious manner for every t such that / is smooth over t. 
Hence Qu^ is semipositive in the sense of Nakano. 

This completes the proof of Theorems 15.41 and 15.51 □ 

5.3 Proof of Theorem [IH 

Let / : X — > S* be a fiat projective family with connected fibers such that a 
general fiber of / has only canonical singularities. We assume X is normal and 
S is smooth. Let n denote the relative dimension oi f : X — > S. We set 

5° := {s e 5 I Xs :~ f^^{s) is reduced and has only canonical singularities}. 

Then Kx/s ^ canonial AZD h over S such that Qh is semipositive on X 
(Theorem EH). And over 5*°, is locally free by [Ka3l [S2l [T3] . 
Then the hermitian inner product hp^^ defined by 

hp^ ((7, a')s := (\/^)"' / lAa' ■ /i'"-^ 
Jx, 

is continuous on S° , because h"^{a, a') is bounded on Xg by the construction of 
h (cf. Proof of Theorem 14. 6p . And the curvature current of hp^ is semipositive 
in the sense of Nakano on 5° by Theorem 15.51 (here X need not be smooth but 
Theorem [53] is applicable by resolution and the continuity of metrics ( |Ka3| \S2 \ 
lT3])). This completes the proof of Theorem O □ 

Remark 5.7 In Theorem we have only considered the relative canonical 
AZD h constructed in Theorem \4-6\ But of course the smilar statement holds 
for the L'^ -inner product: 

h'p^ {a, a')s := (V^)"' / <J A a' ■ h^ , 
Jx^ 

where hm is as in Theorem ll.li This may be useful, since hm has only algebraic 
singularities. One may also consider many other variants. See also Remark 

m □ 
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